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It is known that the classical orthogonal polynomials satisfy inequalities of the 
form U:(x) - U,+,(x) U.-,(x) > 0 when x lies in the spectral interval. These are 
called Turan inequalities. In this paper we will prove a generalized Turan inequality 
for ultraspherical and Laguerre polynomials. Specifically if e(x) and L;(x) are the 
ultraspherical and Laguerre polynomials and F;(x) = e(x)/fi( l), G;(x) = 
LE(x)/L;(O), then FIFE-F~+,(x)F~_,(x)>O, -1 <x < 1, -f <a<pS 
a + 1 and G:(x) G{(x) - G;, r(x) G{-,(x) > 0, x > 0, 0 < a <p < a + 1. We also 
prove the inequality (n + l)F;(x) F:(x) - n~+,(x)F~_,(x) > A,[c(x)]*, -1 < 
x < 1, -4 < a <p < a + 1, where A,, is a positive constant depending on a and 8. 
1. INTR00ucT10~ 
Let Pi(x) and L:(x) be respectively the ultraspherical and Laguerre 
polynomials defined by the generating identities 
(1 - 2xz + 2*)-l = 2 p;l(X) z”, 
n=O 
(1 -z)pa-l exp 5 = 5 L;(x)z”, 
( ) n=o 
and set F;(x) = Pt(x)/Pt(l), G:(x) = LE(x)/LE(O). It is known [4] that the 
polynomials Fi and GE satisfy the inequalities 
(F;)‘- F;+,F;p, > 0, -1 <x< 1, n>-4, (l-1) 
(G:)* - G,“, GE- 1 > 0, x > 0, a > -1. (1.2) 
Inequalities (1.1) and (1.2) are known as inequalities of Turan type and an 
expression fthe form ui ~ u,+ iu,-, has been called aTuranian. This is due 
to the fact that Turan originally discovered (1.1) when I = 4, in which case 
the ultraspherical polynomials reduce to the Legendre polynomials, and then 
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several authors established similar inequalities for other classical orthogonal 
polynomials. 
In [2] we proved the inequalities 
(n + l)FZFE - nF;+,FE-, > 0, 
-1 <x< 1, +<a<p<a+1, (1.3) 
(n+ l)G;G+zG;+,Gfi-r >O, 
x>o, o<a<p<a+1. (1.4) 
When a =/I these inequalities are weaker than (1.1) and (1.2). In this paper 
we will prove the inequalities 
F;Ffl- F;+,F:-, > 0, 
-l<x<l, -+<a<~<cz+l. (1.5) 
G;G;-G;+,Gfl-,>O, 
x>o, o<a<p<a+1. (1.6) 
These are two-parameter versions of the Turan inequalities to which they 
reduce when a = j?, with the exception that we have only proved (1.6) for 
a 2 0. 
We also prove the stronger form of (1.3): 
(n+ l)F;F;-nF;+,F:-, >A,(F;)2, 
-l<x<l, -j<a<p<a+l, 
where A, = lim .&%YFW). 
2. ULTRASPHERICAL POLYNOMIALS 
We will say that the roots of two polynomials A(x) and B(x) interlace if 
between every two roots of A(x), there is a root of B(x) and vice versa. The 
proof of the first lemma is elementary and is omitted. 
LEMMA 1. Let A(x) and B(x) be polynomials with deg A(x) = n - 1 and 
deg B(x) = n. Suppose that the roots of A(x) and B(x) are all real and 
distinct, that the roots of A(x) and B(x) interlace, andthat the highest coef- 
ficients ofA(x) and B(x) have the same sign. Then 
A(x) t Pk 
B(x)= kc, x-x/( ’ Pk > Ov 
where x, < x2 < ... < x, are the roots ofB(x). Specifically pk = A(xk)/B’(xk). 
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LEMMA 2. The roots of Fi and Ff+: interlace if - f < a ,< j3 < a + I. 
Proof: When /I = a + 1 the roots of FE+ r and F;+: interlace. When 
/?=anotethat (n+2a)P;=2a(Ptt’ - xP:T,‘). Let x1 be the positive zeros 
of P;?: with 1 >x, > x2 > ..a. Then (n + 2a) Pf(xi) = 2aP;+ ’ (xj) and 
sgn P:(x)) = (-ly’. Hence the roots of FE and Fz_+: interlace. Since the 
positive roots of F$ are decreasing functions of /I and Ft(-x) = (-1)” F!(x), 
we conclude that the roots of Ft and F;+: interlace for -f < a < /? < a + 1. 
THEOREM 1. F;F;-F;+,F:-, >0 for -l<x<l if -f<a<P< 
a+ 1. 
Proof: Write A,, = F;Ft -F;+ 1 Ft- 1. Since Ft(-x) = (-1)” F:(x), it 
follows that A,(-x) = A,(x) and we need only prove the theorem for 
O<x<l. 
Using the identities 
FA n-1 =+F;)‘+xF;, 
we obtain 
A,, = (1 - x2) F; Ffl + ;;n;x;z) (c)‘(F;)’ 
+ (1 -x2)x 
n + 2a (FE)’ Fg - (’ -nx2)x F;(Ffl)‘. 
Now use the fact that Fi satisfies the differential equation 
(1 - x2)y” - (2A + 1) xy’ + n(n + 2A)y = 0 
to prove the identity 
(1 - x2)(Ft)‘(Fff)’ = (2a + 1) x(Ff)’ Fi - n(n + 2a) FzFi 
- (1 -x2)(F;)’ (9)‘. 
n 
(2.2) 
(2.3) 
(2.4) 
Next use (2.4) to replace the term involving (F;)‘(Fz)’ in (2.3) (this idea was 
used by Gasper in [3]) and we get 
A = (1 - x’W~>’ . 
n n(n + 2a) I 
(n + za + 1) x(43’ 
FB n 
-(n+2a~~~-(l-x’)(~)‘~. (2.5) 
n n n 
74 J. BUSTOZ 
A trivial rewriting of (2.5) gives 
A = (1 -x2m2 +3’ 
n --(I-x*)(Ex)’ n(n +2a) - Fi I n 
+ (n +2a)x $ 
I 
( )I n 
P-6) 
From the identity (P;)’ = 2aP;f: and Lemma 2 we conclude that the roots 
of (F;)’ and FE interlace for a < /3 < a + 1. Then by Lemma 1 we conclude 
that 
Pk ET) _ -f 
FE k=, x-x; ’ 
wherexf>xf> . . . are the roots of Ft, and pk > 0. Then the first wo terms 
in (2.6) can be written as 
3Lq -x2) (q!q’= 2 
n n u=l 
(2.7) 
To complete the proof we will show that the third term in (2.6) is positive 
if x > 0. That is, we will prove that (F;/F$’ > 0. From the identity 
it is equivalent o prove that (FE/F;)’ < 0. 
The roots of Fz and Fi interlace if -4 < a < /? < a + 1. This inter- 
lacing is a consequence of the identity 2a( 1 - x2) e+ ’ = (n + Za) c - 
(n + l)xp:+,, the interlacing ofroots of e and P;+ r, the identity Pt(-x) = 
(-1)” P:(x), and the fact hat the positive roots of Pff decrease monotonically 
with /3. When II is even, then the roots of xF; and Fi interlace (again if 
-4 < a < /? < a + 1). Hence Lemma 1 applies to F{/xF; for n even and we 
may write 
FB n- Fb 
F” 
-x--J--__LL=, 
n xF; 
;- -&-+A 
ky, x-x;: 01 
n even, P-8) 
where. ik > 0, k = 0, l,..., n; A, = FE(O)/F;(O); and xy > xp > .a* are the 
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roots of F;, When n is odd FE and F{ have simple roots at x = 0 and we 
may write F$ = xRfj. Then Lemma 1 applies to RE/xFf and we may write 
n odd where pk > 0. (2.9) 
Specifically the A, in (2.8) and the pk in (2.9) are given by 
1, = J,(x;) = F~(x~)/x;(F;>‘(x;>, k = 1, 2 ,..., II, 
Pk = Pk(X;) = $%$WT>‘(x!3~ k = 1, 2 ,..., n.
(2.10) 
(2.11) 
From the identities Ft(-x) = (-1)” F:(x) and @:)I(--X) = (-l)flP1(Fi)‘(x) 
it follows that nk(-xF) =1,(x;), pk(-x;) =pk(x;) and hence from the 
symmetry of the roots x; we may rewrite (2.8) as 
FD [n/21 2=2x2 T‘ Ak 
F” n kel x2 - (x;)’ 
+&, n even. (2.12) 
In (2.9) the “middle” root is x~,,,~] +, = 0 so (2.9) is 
szx \“-I Pk 
F; f$, x-x; +Prn/21+1~ 
n odd, 
where the prime on the sum indicates that we omit k = [n/2] + 1. Then as in 
going from (2.8) to (2.12) we may write 
$ = zx2 ‘2’ Pk 
k=l x2 - (x;)’ 
+PIn/2l+l~ 
n 
(2.13) 
where 
f’!(x) (f’;)‘(O) 
‘lti21+l = tz m = (F;)‘(O) * 
Equations (2.12) and (2.13) can then be written as a single equation valid 
for both odd and even n, 
g = A, + g1 x22t2;$2 , np > 0, ‘4, > 0, (2.13a) 
n 
where 
A,=limZW 
x-o F;(x) ’ 
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and A?) = A,, n even, Ap) =pk n odd. Then computing the derivative of 
(2.13a) we%nd 
ItI/;1 4M(p) 
-4x k&1 [x2 - (x;)']' - 
Thus (Fi/F;)’ < 0 for x > 0, and consequently (F;/Fi)’ > 0 for x > 0 and 
the third term in (2.6) is positive for x > 0. This completes the proof of the 
theorem. 
THEOREMS. If --~<~~</?<a+1 and -l<x<l, then (n+l) 
F;Fi-nF;+,Ft-, > A,,(F;)’ where A, = lim,+,,(FE(x)/F;(x)). 
Proof: Set K, = (n + 1) F; F{ - nF;+ i Ft- i . Proceeding as in the proof 
of Theorem 1 we find 
(2.14) 
The first erm on the right in (2.14) is positive by the proof of Theorem 1. 
Using the formulas developed in that proof (Eq. (2.13a)) we have 
$(I -x’)x(g)’ 
n n 
=/I,+ F 
[n/_2’ [ 1- (x;)‘] x2 + [ 1 -x21(x;)’ A(n) 
k:l [x’ - (x;)‘]’ 
k ’ 
where A, > 0 and A?) > 0. The above sum is positive and the theorem is 
proved. 
3. LAGUERRE POLYNOMIALS 
In this section we will prove inequality (1.6). We need a preliminary 
result. 
LEMMA 3. The roots of GE+: and Gff interlace if- 1 < a < /I < a + 1. 
ProoJ The lemma is clearly true if j? = a + 1. Since the roots of G$ 
increase monotonically with /I, it then suffices to prove the lemma when 
/I = a. But the interlacing ofroots for GE and GE_+: follows from the identity 
Lf = L;+ l - p_t; and from the interlacing ofroots for L;+ ’ and L;f: . 
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THEOREM 3. G::G~-G~+,G~_,>Oforx>O,O(a~p~a+l. 
Proof By (1.6) we need only prove the theorem when G; Gz > 0. Write 
D, = G; Gi - GE+ 1 Gz-, . Using the identities 
G;-, = G:: - x (G;)‘, 
GZ+, = 
x(G;)’ + n+a+l-x 
n + a +. 1 n+a+l 
GZ, 
we can write 
+ (n+a+l-x)xp(Gb)t+ 
n(n+a+l) ’ ’ n(n +‘; + 1> (W’W:)‘. (3.1) 
Since GE satisfies the differential equation x(G;)” + (1 + a - x)(G;)’ +
nG; = 0, we obtain the identity 
x(G;)‘(G:)’ = - x(Gff)‘((G;)‘/Gff)’ 
-(I +a-x)(G;)‘G$-nG;GE. 
Replacing this in (3.1) and rearranging terms gives 
(3.2) 
The first erm on the right is positive since we are assuming G;Gff > 0. We 
will show that the second and third terms are also positive with this 
assumption. Let x; and x:, k = l,..., n be respectively the zeros of GE and 
Gfl. The zeros of L; and L;+ ’ interlace; this can be deduced from the 
identity XL;+’ = (n+a)L;-,-((n-x)L; and the interlacing of zeros of 
LZ, Jy-,. Then since the zeros of LE are monotone increasing functions of 
/?, we can conclude that if 0 < a </I < a + 1, then the roots of GE and GE 
interlace, specifically, 0 < x: < xt < x7 < xp < . . . . The intervals where 
G,OGE > 0 then are the intervals I,, = (0, x7); Ij = (xj”, xjg, 1), j= l,..., n - 1; 
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and I, = (x$, co). Turning back to (3.2) we will prove first that (G;/G{)’ < 0 
in these intervals. This is equivalent o proving that 
” i k” 
k;l (x z&l- XC) > O9 XEZj, j=O,l,..., n. (3.3) 
But (x - x$(x - x;) > 0, x E Zj, j = 0, l,..., n; and xf > x;, k = l,..., n, and 
thus (3.3) holds. 
To complete the proof it remains to be shown that the third term in (3.2) 
is positive, that is, that 
($)‘-(Y)‘>O, x>o. (3.4) 
Note that the highest coefftcient of L; is (-l)“/n!, and since the roots of G; 
and Gt interlace, we may apply Lemma 1 of Section 2 to G;/xGfl and obtain 
where I, = G;(xf)/xt(Gfi)‘(x$). Hence 
G" n- At G"-l+xi ___ 
n k=, x-x;* 
(3.5) 
Since (L;)’ = -L;‘: and the highest coefficient ofL;?: is (-l)“-l/n! while 
the highest coefficient ofL,O is (-l)“/ n!, we see that the highest coefficients 
of (G,“)’ and Gt have the same sign. Again referring tothe identity (L;)’ = 
-L,“+,’ we conclude from Lemma 3 that the roots of (GE)’ and Gi interlace. 
Thus Lemma 1 of Section 2 applies and 
where 6, = (G,“)‘(x,~)/G$)‘(x!~). Hence 
(G;)’ ’ 
( ) 
-f 4 7 =- +, (x-x$” ; 
while from (3.5) 
(3.6) 
(3.7) 
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From (3.6) and (3.7) we obtain 
Thus to prove (3.4) it suffices to prove that 6, -A,& > 0, k = l,..., n.We 
have 
6k _ nGx,n = (G;)‘(x:) - G;(xf) = A 
(G!>‘(xf) 
k 
Since 1, > 0 we need to prove that (G;)‘(xc)/G;(xf) - 1 > 0. If we let x:, 
k = l,..., n denote the roots of G;, then 
Setting p = a + 1 in (3.9) and using the identities 
- 1. (3.9) 
(L;)’ =-LET: and L; = 
La+1 -La+1 
” n-1 we find that (G;)‘(x;:+ l)/G;(x;+ ‘) = 1 and hence 
1 
a+1 ,% xk 
-l=O. 
Next recall that xf increases monotonically with ,fI and note that 
ST1 I/(x-xx,“) is a decreasing function of x. We conclude that 
cj”-l I/(X: - ~7) - 1 > 0 for u < /3 < a + 1. Thus 6, - Apt > 0 and the last 
term in (3.2) is positive proving that A, > 0. 
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